We calculate for the first time the scattering cross section between lightest glueballs in SU (2) pure Yang-Mills theory, which are good candidates of dark matter. In the first step, we evaluate the interglueball potential on lattice using the time-dependent formalism of the HAL QCD method, with one lattice spacing. The statistical accuracy is improved by employing the cluster-decomposition error reduction technique and by using all space-time symmetries. We then derive the scattering phase shift and the scattering cross section at low energy, which is compared with the observational constraint on the dark matter self-scattering. We determine the lower bound on the scale parameter of the SU (2) Yang-Mills theory, as Λ > 60 MeV. 95.35.+d,12.39.Mk The existence of a significant amount of dark matter (DM) [1] [2] [3] [4] in our Universe is supported by many physical data. Its presence was first suggested by the observations of the galactic rotation curve [5, 6] , and is now made firm by that of the density profile of the bullet clusters [7] . The quantity of DM is nowadays very precisely known thanks to the progress in the observation of the cosmic microwave background, with 27% of the energy composition of our Universe [8] . Another important feature is the necessity of the DM in the formation of the large scale structure of the Universe [9-25]. Owing to the above strong arguments, the study of the DM is one of the most essential subjects of fundamental physics.
We calculate for the first time the scattering cross section between lightest glueballs in SU (2) pure Yang-Mills theory, which are good candidates of dark matter. In the first step, we evaluate the interglueball potential on lattice using the time-dependent formalism of the HAL QCD method, with one lattice spacing. The statistical accuracy is improved by employing the cluster-decomposition error reduction technique and by using all space-time symmetries. We then derive the scattering phase shift and the scattering cross section at low energy, which is compared with the observational constraint on the dark matter self-scattering. We determine the lower bound on the scale parameter of the SU (2) Yang-Mills theory, as Λ > 60 MeV. The existence of a significant amount of dark matter (DM) [1] [2] [3] [4] in our Universe is supported by many physical data. Its presence was first suggested by the observations of the galactic rotation curve [5, 6] , and is now made firm by that of the density profile of the bullet clusters [7] . The quantity of DM is nowadays very precisely known thanks to the progress in the observation of the cosmic microwave background, with 27% of the energy composition of our Universe [8] . Another important feature is the necessity of the DM in the formation of the large scale structure of the Universe [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Owing to the above strong arguments, the study of the DM is one of the most essential subjects of fundamental physics.
Thanks to the progress in the observations of the gravitational microlensing, the DM as astrophysical compact objects are excluded in a very wide region of their mass [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . This suggests that the DM is mainly composed of particles which interact very weakly with the visible sector [37] . It is known that the standard model does not contain any fields which fulfill the properties of DM, and many candidates of new theories are under investigation [1, 3, 4, . Among the new physics, the most popular ones are extensions of the standard model with new sector(s), often protected by discrete symmetries. However, these theories often have problems with the results of direct [87] [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] [99] and indirect detection experiments as well as with the search using colliders [90, , due to the relatively large couplings with the SM required to keep consistency with the relic density (the so-called "WIMP miracle") [147] [148] [149] [150] [151] [152] [153] [154] [155] .
As opposed to the above "elementary" DM particles, we have the composite DM , which has several classes. Here we investigate the less discussed, but the most natural Yang-Mills theory (YMT), in which the lightest glueballs are candidate of DM [202, 204, [237] [238] [239] [240] [241] [242] [243] [244] [245] [246] [247] . The attractive features of this scenario are as follows. First, the mass scale is only controlled by the color number N c through the dimensional transmutation, and the theory is thus almost free from the hierarchical problem. Second, it is also part of another very natural scenario where vectorlike quarks are present in the Lagrangian, but with masses heavier than the confining scale. In such a theory, the lightest particle of the spectrum is a glueball, which forms the massive DM. Finally, it may naturally be embedded in a more ultraviolet complete frameworks such as the grand unification or string theory [237, 238, [248] [249] [250] [251] [252] [253] [254] [255] [256] [257] [258] .
The glueball is a gluonic bound state which purely reflects the nonperturbative physics of nonabelian gauge theory, and it cannot be investigated perturbatively. Indeed, it has been an excellent target for nonperturbative methodologies such as lattice gauge theory or holographic approaches [353] [354] [355] [356] [357] [358] [359] [360] [361] [362] [363] [364] [365] [366] [367] [368] [369] , and its mass spectrum has extensively been evaluated. Despite these tremendous works, the properties of the glueballs are still obscure. In QCD, the observation of glueballs is not yet conclusive, although there are several candidates such as f 0 (1500) and f 0 (1710), and they are currently actively searched experimentally [370] [371] [372] [373] [374] [375] [376] [377] [378] [379] [380] . The determination of the glueball is essentially difficult due to the mixing with other hadronic states , although the production and decay patterns have extensively been studied [282, . The issue with the mixing is, of course, absent in the case of the dark YMT, since the glueball is the ground state hadron and there is no mixing with other hadrons at the scale considered.
In considering the particle DM scenario, an inevitable discussion is the self-interaction (or scattering) among DM. This feature is especially important since the DM self-interaction is given an upper bound from observations such as the density profile of the galactic halo or the collision between galaxies. As for the scale smaller than kpc, several phenomena, which were thought to be "problems" in relation to the density profile, are known to be explained with finite DM self-interaction [237, , although these topics are still a matter of controversy [467] [468] [469] [470] [471] [472] [473] [474] [475] [476] [477] [478] [479] [480] [481] [482] [483] [484] . The two-body potential working between SU (N c ) glueballs should have a finite range due to the mass gap of the YMT, so it is in principle possible to set constraints on the scale parameter from observations, but the relation between the latter and the scattering cross section is almost totally unknown, although it was challenged in model calculations [202, 242, 243, [485] [486] [487] [488] . To completely determine the dynamics of the YMT at low energy and to identify it as the theory explaining the DM, the scattering among the lightest glueballs has to be elucidated. It is also theoretically interesting to discuss it in the context of the low energy effective field theory, since the lightest 0 ++ glueball is believed to have become massive due to the trace anomaly, the anomalous violation of the scale invariance [265, 266, 273, 278, 279, 286, 308, [489] [490] [491] [492] .
The lattice gauge theory simulation, which is currently almost the only way to quantify observables related to glueballs, could so far only calculate their masses [316, 317, 319-326, 328-332, 334, 336-342, 344, 345, 348, 349, 351] . Recently, however, there have been drastic improvements in the calculations of the multi-hadron systems on lattice. The way to calculate the scattering phase shift of two particles in a finite volume lattice was first conceived by Lüscher [493] . This method was then successfully implemented in numerical calculations, and results for several systems are currently available [494] [495] [496] [497] [498] [499] [500] [501] . As an alternative approach, we also have the HAL QCD method in which the phase shift is indirectly extracted via the potential [502] [503] [504] [505] [506] [507] [508] [509] [510] [511] [512] [513] [514] [515] [516] [517] . This approach is known to be able to extract the interhadron potential without waiting for the formation of the plateau, which greatly reduces the computational cost. After intense discussions on its formalism [518] [519] [520] [521] [522] [523] , the HAL QCD method is now well established.
In this letter, we discuss the self-interaction of the DM in the YMT by calculating the interglueball scattering cross section in SU (2) lattice gauge theory employing the HAL QCD method. Our goal is to constrain the scale parameter of the SU (2) YMT from observations. We also extrapolate our results to N c ≥ 3 using the large N c argument.
To proceed, we simulate N c = 2 pure YMT on lattice, with β = 2.5. The scale of the lattice is expressed in units of the scale parameter Λ which is unknown, since the mass and other dimensionful quantities related to the DM are not known. The result of our work will actually set a constraint on Λ. The relation between the lattice spacing and Λ was fitted through the calculation of the string tension. For the general N c , we have [524, 525] 
By using the string tension a √ σ = 0.1834(26) calculated on 16 4 lattice [336, 526] , the lattice spacing of the SU (2) YMT with β = 2.5 is a = 0.107(8)Λ −1 . We used the pseudo-heat bath method to generate 2 million configurations with the volume 16 3 × 24. In this study, we only use one lattice spacing since the formalism does not depend on the renormalization scale (see later).
We now define the 0 ++ glueball operator:
where P ij are the plaquette operator in i−j direction, and a e 1,2,3 are the unit vector. Since the 0 ++ glueball has the same quantum number as the vacuum, we have to subtract its expectation value asφ(t, x) ≡ φ(t, x) − φ(t, x) in order to calculate the physical glueball correlators. We may also improve the glueball operator using the APE smearing [330, 341, 342] . With this optimization, we obtained the glueball mass m φ = 0.6857(28) (lattice unit) in our setup. The physical information of the scattering between two hadrons can be extracted from the Nambu-Bethe-Salpeter (NBS) amplitude. For the glueball two-body scattering, it is defined as follows:
where J is the source operator with the same quantum number as the two-glueball state. Here two important features have to be mentioned. First, in the case of the glueball, J may be chosen as an n-body operator (φ n ) with arbitrary positive-definite integer n, due to the 0 ++ quantum number. Second, the multi-glueball operators also have expectation values which have to be subtracted. This subtraction has to be operated for both the source and the sink, but it can easily be shown that the removal of one side will automatically do for the other one. For computational convenience, we will remove the expectation value of J . The correlator (3) is purely gluonic, and the statistical error is significant in the lattice calculation. To improve the signal, we use all space-time symmetries (space-time translations and cubic rotations) to effectively increase the statistics. We also employ the clusterdecomposition error reduction technique (CDERT) [527] to remove the fluctuation of the vacuum insertion. In our work, we used the cut r ≤ 8 (lattice unit) for which the systematic error is found to be less than the statistical one (see Fig. 1 ). Thanks to the CDERT, we could reduce the error bar by more than twice, which demonstrates its efficacy. Let us now extract the scattering phase shift. The direct way to calculate it is to Fourier transform the NBS amplitude and inspect the momentum modulation of the energy (so-called Lücher's method) [493] . This approach was successful in the mesonic sector, but in the case of the glueball, we encounter a problem, due to the necessity of taking the plateau of the NBS amplitude. Indeed, the NBS amplitude mixes with the single glueball (2-point) correlator so that taking the plateau will always show the single glueball mass as the energy of the system. We might, of course, remove the one-glueball state by diagonalizing the NBS amplitude, but the glueball spectrum has other resonances close to the two-body threshold, so the extraction of the two-glueball scattering in this approach is highly challenging. An alternative approach to calculating the scattering phase shift is to indirectly extract it via the potential (HAL QCD method) [503] . This method has the crucial advantage that we do not need the ground state saturation for obtaining the potential [509] . In particular, the glueball correlators are in general very noisy, so the use of this method is almost mandatory if one wants to keep good statistical accuracy. In addition, the potential handled in the HAL QCD method does not depend on the renormalization scale [502, 503] . We however have to keep in mind that the potential is not an observable, and it may depend on the choice of the operators.
Let us now describe the formalism of the calculation of the interglueball potential on lattice. The nonlocal potential U ( r, r ′ ) is extracted according to the following time-dependent Schrödinger-like equation [ 
Here t should be chosen so that 1/t is less than the inelastic threshold m φ (= 3m φ − 2m φ ). In our calculation with β = 2.5, it is enough to take the data from t = 2. The physics addressed is then nonrelativistic, and the potential should be to a good approximation local and central U ( r, r ′ ) ≈ V φφ ( r)δ( r − r ′ ). Nonlocal and angular momentum dependent terms appear in the derivative expansion but are neglected in this work. The result of our work is plotted in Fig. 2 . The potential at r = 0 and r = 1 (in lattice unit) looks attractive, but these data points have to be considered as contact terms (note that the glueball operator has a spread of one lattice unit). In the fit of the potential, we then remove the above points. The important feature of our result is that the intergluball potential is repulsive at short range (r ∼ 0.2 Λ −1 ). Here the simplest interglueball process that we would come up with in the effective field theory is the scalar glueball exchange, which however induces an attractive force. Our result is therefore suggesting that other more important processes are relevant. Another remarkable point is that the potential becomes very noisy in the long range. This is because the potential is obtained by dividing by the NBS amplitude which damps at long distance (see Fig. 1 ).
We fit the potential with two fitting forms, i.e. the Now that we have the analytic form of the potential, we calculate the scattering phase shift and the cross section. The scattering phase shift is obtained by simply solving the following (s-wave) Schrödinger equation:
The wave function asymptotically behaves as φ(r) ∝ sin[kr + δ(k)], where δ(k) is the scattering phase shift.
In the context of the DM, we are interested in the (s-wave) low energy limit of the cross section σ φφ = lim k→0 4π k 2 sin 2 [δ(k)]. From the two fitting forms, we obtain σ φφ = (3.5 − 3.8)Λ −2 (Yukawa), and σ φφ = (7.5 − 8.0)Λ −2 (Yukawa+Gaussian), with the band denoting the statistical error. By considering the difference between them as the systematic error, the interglueball scattering cross section for the SU (2) YMT is
Let us now try to derive the constraint on Λ from observational data. The most robust bound on the DM cross section is given by the observation of the shape of the galactic halo [454, 456] and galactic collisions [528] [529] [530] [531] [532] . Here we adopt that of Ref. [532] : σ DM /m DM < 0.47 cm 2 /g. By substituting our result (6) , we obtain Λ > 60 MeV.
This is the first constraint on the YMT as the theory of DM derived from first principle. Let us mention future improvements that would be in order to further quantify the results. Our calculation assumed the local potential, but it is not entirely certain that the nonlocality is negligible, since the glueball operator has a finite spread. The quantification of the nonlocal physics has recently been developed by HAL QCD Group, with an involved discussion in the operator dependence [520, 533, 534] . Through this discussion, we are expecting to unveil the artifact encountered in the potential at lattice unit zero and one (see Fig. 2 ).
Let us add several comments on these results. If we also consider the discussion of Spergel and Steinhardt which derived a lower limit on the DM cross section σ DM /m DM > 0.45 cm 2 /g [440] , we can almost determine the scale parameter of the YMT. As seen in the beginning, this bound could be set by inspecting that the so-called core-vs-cusp, too-big-to-fail, and missing satellite problems could be resolved by assuming a finite DM scattering cross section. This argument has however recently been revised [467, 471-473, 478-481, 483] , and there are now alternative possibilities to resolve the above-mentioned problems [467-470, 474-477, 482, 484] . Therefore, we leave the lower limit to the scale parameter open and wait for a conclusive resolution.
Our discussion of the constraint on the scale parameter of the YMT can be extended to larger N c 's. The YMT's with N c ≥ 3 are indeed even more interesting as a candidate of dark sector since the deconfinement transition at finite temperature is of the first order [350, [535] [536] [537] [538] [539] [540] [541] , and they may be probed with the background gravitational waves [542] [543] [544] [545] [546] [547] [548] [549] [550] [551] [552] [553] [554] [555] [556] [557] . Although we do not have simulated them, we can qualitatively estimate the limits on their scale parameters according to the large N c argument. Since the cross section scales as 1/N 4 c , we can derive the lower limits on Λ as Λ Nc > 60 2 N c 4 3 MeV.
Of course, the large N c corrections are not small for N c = 2, so the first principle calculations on lattice definitely have to be done for small N c . Our future work will be to calculate the interglueball cross section for larger N c until the large N c corrections be small. The completion of this project means that we can handle the DM in the YMT with all N c to good accuracy. It would also be interesting to compare the interglueball cross section at low energy with that derived from the glueball effective field theory which can be constructed according to the conformal Ward identity [265, 266, 273, 278, 279, 489, 491, 492] . Determining the glueball EFT and its low energy constants may give us an important insight into other fields such as the conformal field theory or hadron physics. If again the large N c expansion holds, the determination of the cross section at a sufficiently large N c would probably mean the quantification of the conformal physics. This work was supported by "Joint Usage/Research Center for Interdisciplinary Large-scale Information Infrastructures" (JHPCN) in Japan (Project ID: jh180058-NAH). The calculations were carried out on SX-ACE at RCNP/CMC of Osaka University. MW was supported by the National Research Foundation of Korea (NRF) grant funded by the Korea government (MSIT) (No. 2018R1A5A1025563).
